Moser Lemma in Generalized Complex Geometry by Stienon, Mathieu
ar
X
iv
:m
at
h/
07
02
71
8v
1 
 [m
ath
.D
G]
  2
3 F
eb
 20
07
MOSER LEMMA IN GENERALIZED COMPLEX GEOMETRY
MATHIEU STIÉNON
Abstrat. We show how the lassial Moser Lemma from sympleti geometry
extends to generalized omplex strutures (GCS) on arbitrary Courant algebroids.
For this, we extend the notion of Lie derivative to setions of the tensor bundle
(⊗iE)⊗(⊗jE∗) with respet to setions of the Courant algebroid E using the Dorfman
braket. We then give a ohomologial interpretation of the existene of one-parameter
families of GCS on E and of ows of automorphims of E identifying all GCS of suh a
family. In the partiular ases of sympleti, we reover the results of Moser. Finally,
we give a riterion to detet the loal triviality of arbitrary GCS whih generalizes the
Darboux-Weinstein theorem.
1. Introdution
The lassial Moser lemma for sympleti manifolds [13℄ desribes a ohomologial
ondition for two sympleti strutures to be equivalent. It an be stated as follows.
For two sympleti forms Ω0 and Ω1 on a ompat sympleti manifold M , if there
exists a smooth one-parameter family ωt of sympleti forms on M , all with the same
periods and suh that Ω0 = ω0 and Ω1 = ω1, then there is a global dieomorphism ϕ
of M , dieotopi to the identity and suh that Ω1 = ϕ
∗Ω0.
Reently there has been inreasing interest in generalized omplex strutures [7, 6℄,
whih omprise both sympleti and omplex strutures as speial ases. It is natural
to ask if Moser's lemma extends to generalized omplex geometry. The aim of the
present paper is to give an armative answer to this question. While up to now, most
of the researh on generalized omplex strutures foused on exat Courant algebroids
TM ⊕ T ∗M [17℄, in this paper, we work on generi Courant algebroids. A generalized
omplex struture on a Courant algebroid E is a bundle map J : E → E satisfying
J2 = −1, whih is orthogonal with respet to the symmetri pairing and whose Nijenhuis
torsion vanishes [2℄.
As is well known, the proof of the lassial Moser lemma involves the Lie derivative
of sympleti forms with respet to a vetor eld. Here, as rst step, we introdue a
onept of Lie derivative of generalized omplex strutures with respet to setions of
a Courant algebroid. Indeed, we introdue the Lie derivative of setions of the tensor
bundle (⊗iE)⊗ (⊗jE∗) with respet to setions of the Courant algebroid E. We hope
this onstrution will be of independent interest in the future. Suh a Lie derivative an
be dened exatly as in the lassial ase. Namely, via the Dorfman braket, one an
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2think of Γ(E) as a subset of aut(E), the innitesimal automorphisms of the Courant
algebroid E. Thus any setion of E generates a loal ow of automorphims of the
Courant algebroid E. We dene the Lie derivative of any setion of (⊗iE) ⊗ (⊗jE∗)
as the time-derivative at t = 0 of the pull bak of this setion by the ow. For any
X, Y ∈ Γ(E), the Lie derivative LXY is simply the Dorfman braket X ◦ Y . The
Lie derivative of a bundle map J : E → E, seen as a setion of E∗ ⊗ E, is given
by (LXJ)(Y ) = LXJ(Y ) − J(LXY ), ∀X, Y ∈ Γ(E). This formula redues exatly to
the usual Lie derivative of the sympleti form when J orresponds to a sympleti
struture and X is a vetor eld.
With the help of the Lie derivative, we are able to translate the innitesimal isomor-
phism ondition for Jt:
J˙t + LxtJt = 0, ∀t with xt ∈ Γ(E)
as the exatness, at every time t, of a family of t→ ω˙t of Lie algebroid 2-oyles relative
to the one-parameter family of Lie algebroids t 7→ Lt, where Lt is the +i-eigenbundle
of Jt. Hene we reover exatly the same situation as in the lassial Moser lemma
ontext [13℄.
As rst examples, we onsider sympleti and omplex strutures on a Lie alebroid A.
The Courant algebroid E involved is the double A ⊕ A∗ of A. When A is the tangent
bundle Lie algebroid TM , we reover the usual Moser lemma for sympleti manifolds
and the lassial result of Kodaira [8℄ respetively. Other examples of generalized om-
plex strutures are given by Hamitonian operators in the sense of Liu-Weinstein-Xu [11℄.
We desribe onditions when suh operators indue isomorphi generalized omplex
strutures. Holomorphi Poisson strutures are a speial ase.
As another appliation, we give a Darboux-Weinstein style theorem for generalized
omplex strutures. More preisely, we desribe loal ohomologial onditions whih
guarantee the loal triviality of a generalized omplex struture on the standard Courant
algebroid. This ohomologial ondition is always satised for sympleti manifolds. On
the other hand, for an integrable omplex struture, this ondition should be related to
Kohn's proof [9℄ of the Newlander-Nirenberg theorem [15℄.
Aknowledgements. The author is grateful to Alan Weinstein for the enouraging
disussion they had in Berkeley at the early stage of this projet and to Alberto Cat-
taneo, Vasiliy Dolgushev, Camille Laurent-Gengoux, Giovanni Felder, Pierre Shapira,
Boris Tsygan, Aissa Wade and Ping Xu for other ones; also to the E.S.I. Vienna and
I.H.P. Paris for their hospitality while parts of this paper were written.
2. Automorphisms of Courant algebroids
Denition 2.1 ([11℄). A Courant algebroid is a triple onsisting of a vetor bundle
E → M equipped with a non degenerate symmetri bilinear form 〈·, ·〉, a skew-symmetri
3braket J·, ·K on Γ(E), and a smooth bundle map E
ρ
−→ TM alled the anhor. These
indue a natural dierential operator D : C∞(M) → Γ(E) dened by
〈Df, a〉 =
1
2
ρ(a)f
for all f ∈ C∞(M) and a ∈ Γ(E).
These strutures must be ompatible in the following sense: ∀a, b, c ∈ Γ(E) and ∀f, g ∈
C∞(M),
ρ(Ja, bK) = [ρ(a), ρ(b)],
JJa, bK, cK + JJb, cK, aK + JJc, aK, bK = 1
3
D
(
〈Ja, bK, c〉+ 〈Jb, cK, a〉+ 〈Jc, aK, b〉
)
,
Ja, fbK = fJa, bK +
(
ρ(a)f
)
b− 〈a, b〉Df,
ρ ◦ D = 0, i.e. 〈Df,Dg〉 = 0,
ρ(a)〈b, c〉 = 〈Ja, bK +D〈a, b〉, c〉+ 〈b, Ja, cK +D〈a, c〉〉. (1)
Example 2.2 ([4℄). Given a smooth manifoldM , the bundle TM ⊕T ∗M →M arries
a natural Courant algebroid struture, where the anhor is the projetion onto the
tangent omponent and the pairing and braket are given, respetively, by
〈X + ξ, Y + η〉 = 1
2
(
ξ(Y ) + η(X)
)
,
JX + ξ, Y + ηK = [X, Y ] + LXη − LY ξ +
1
2
d
(
ξ(Y )− η(X)
)
,
∀X, Y ∈ X(M), ∀ξ, η ∈ Ω1(M).
The non-symmetri law
a ◦ b := Ja, bK +D〈a, b〉
is alled Dorfman braket [16℄. The following result is due to Roytenberg [16℄.
Proposition 2.3. For all a, b, c ∈ Γ(E) and f ∈ C∞(M), one has:
Df ◦ a = 0, a ◦ Jb, cK = Ja ◦ b, cK + Jb, a ◦ cK,
a ◦ (fb) = f(a ◦ b) + (ρ(a)f)b, ρ(a)〈b, c〉 = 〈a ◦ b, c〉+ 〈b, a ◦ c〉.
Any setion of the dual bundle E∗ → M an be seen as a berwise linear funtion
on E and vie versa. In other words, Γ(E∗) is naturally a subspae of C∞(E). Reall
that an innitesimal automorphism of a vetor bundle E
π
→ M orresponds exatly to a
vetor eld on E (i.e. a derivation of C∞(E)) under whih the subspaes π∗C∞(M) and
Γ(E∗) are stable [12, Proposition 2.2℄. The latter is equivalent to a ovariant dierential
operator on E∗ [12℄, i.e. a pair of dierential operators δ0 : C∞(M) → C∞(M) and
δ1 : Γ(E∗)→ Γ(E∗) satisfying
δ0(fg) = fδ0(g) + δ0(f)g, ∀f, g ∈ C∞(M)
δ1(fα) = fδ1(α) + δ0(f)α, ∀α ∈ Γ(E∗), ∀f ∈ C∞(M).
From now on, we assume that E is a Courant algebroid. By aut(E), we denote the
Lie algebra of innitesimal automorphism of the Courant algebroid E. The symmetri
4pairing 〈·, ·〉 identies Γ(E) with Γ(E∗) by x 7→ 〈x, ·〉. Therefore, one easily reovers
the following theorem of Roytenberg [16℄, whih he proved using super-geometry.
Proposition 2.4. The Lie algebra aut(E) onsists of those ovariant dierential opera-
tors δ = (δ0, δ1) on E, where δ0 : C∞(M) → C∞(M) and δ1 : Γ(E)→ Γ(E), satisfying
the additional properties:
δ0〈x, y〉 = 〈δ1x, y〉+ 〈x, δ1y〉
and
δ1Jx, yK = Jδ1x, yK + Jx, δ1yK,
for all x, y ∈ Γ(E).
3. Lie derivatives
For any z ∈ Γ(E), dene
δ0z : C
∞(M)→ C∞(M) and δ1z : Γ(E)→ Γ(E)
by
δ0z(f) = ρ(z)(f) and δ
1
z(x) = z ◦ x, ∀f ∈ C
∞(M), ∀x ∈ Γ(E).
It follows from Propositions 2.3 and 2.4 that δz = (δ
0
z , δ
1
z) is an innitesimal automor-
phism of the Courant algebroid E, i.e. δz ∈ aut(E).
By φt we denote the (loal) ow
E
φt
//
π

E
π

M ϕt
// M
generated by the vetor eld on E orresponding to δz. The 1-parameter group t 7→ φt
ats on the spae of setions of E →M by:
φ∗t : Γ(E)→ Γ(E) : σ 7→ φ
−1
t ◦ σ ◦ ϕt.
By abuse of notation, we use the same symbol φt (resp. φ
∗
t ) to denote the indued ow
on the tensor bundles Eij = (⊗
iE) ⊗ (⊗jE∗) (i, j ∈ {0, 1, 2, . . .}) (resp. the indued
ation on the spaes of setions of the Eij 's).
For any setion σ ∈ Γ(Eij), dene Lzσ ∈ Γ(E
i
j) by
Lzσ =
d
dτ
φ∗τσ
∣∣
τ=0
(see [1, Theorem 2.2.20℄). Thus we have the usual identity:
d
dτ
φ∗τσ
∣∣
τ=t
= φ∗t (Lzσ).
In the following proposition, we give a list of important properties of this Lie derivative,
whih will be useful in the future disussion.
5Proposition 3.1. For all f, g ∈ C∞(M) and x, y, z ∈ Γ(E), we have:
Lzf = ρ(z)f, Lz〈x, y〉 = 〈Lzx, y〉+ 〈x,Lzy〉,
Lzx = z ◦ x, LzJx, yK = JLzx, yK + Jx,LzyK,
LDfx = 0, Lfxy = f Lxy − (Lyf) x+ 2〈x, y〉Df,
LJx,yK = [Lx,Ly].
Moreover,
Lz(σ ⊗ τ) = Lzσ ⊗ τ + σ ⊗ Lzτ for all σ, τ ∈ ⊕i,jE
i
j ,
and [δ,Lz] = Lδ1z for all δ ∈ aut(E).
In partiular, if J : E → E is a bundle map over the identity M
id
−→ M , i.e. J ∈
Γ(E∗ ⊗ E), then
(LxJ)(y) = Lx(J(y))− J(Lxy), ∀x, y ∈ Γ(E).
Example 3.2. For the standard Courant algebroid struture on TM ⊕ T ∗M , one has
LX+ξ(Y + η) = LX(Y + η)− iY dξ, ∀X, Y ∈ X(M), ∀ξ, η ∈ Ω
1(M),
where L denotes the usual Lie derivative.
Proposition 3.3. Let E denote the standard Courant algebroid struture on TM ⊕
T ∗M . Then, for all X ∈ X(M) and ξ ∈ Ω1(M), the 1-parameter groups integrating the
innitesimal automorphisms δX , δξ, δX+ξ ∈ aut(E) are given respetively by
etδX (Y + η) = (ϕt)∗Y + (ϕ
−1
t )
∗η,
etδξ(Y + η) = Y + η + t iY dξ,
etδX+ξ(Y + η) = (ϕt)∗Y + (ϕ
−1
t )
∗η +
∫ t
0
(ϕ−1t−τ )
∗
(
iϕτ∗Y dξ
)
dτ,
where t 7→ ϕt denotes the ow of the vetor eld X, i.e. satises
Xϕt(m) =
d
dt
ϕτ (m)
∣∣
τ=t
.
In ase the setion Xt + ξt ∈ Γ(E) is time-dependent, its ow
TM ⊕ T ∗M

φa,b
// TM ⊕ T ∗M

M ϕa,b
// M
from time a to b is given by
φa,b(Y + η) = (ϕa,b)∗Y + (ϕb,a)
∗η +
∫ b
a
(ϕb,τ )
∗
(
i(ϕa,τ )∗Y dξτ
)
dτ, (2)
where ϕa,b denotes the ow of the time-dependent vetor eld Xt from time a to b.
6Proof. From (2) it follows that
φb,c ◦ φa,b = φa,c and φa,a = idE .
Sine
d
dt
φ−1a,a+ε ◦ (Y + η) ◦ ϕa,a+ε
∣∣
ε=0
=
(
LXt(Y + η)− iY dξt
)∣∣
t=a
,
the ow of δXt+ξt is indeed given by (2). 
4. Main theorem
Let E be a Courant algebroid on a smooth manifold M . And let
E

J
// E

M
id
// M
be a vetor bundle map suh that J2 = − id. Then the omplexiation EC := E ⊗ C
 with the extended C-linear Courant algebroid struture  deomposes as the diret
sum L⊕ L of the eigenbundles of J . Here L is assoiated to the eigenvalue +i and its
omplex onjugate L to −i. The bundle map J is alled a generalized omplex struture
if J is orthogonal with respet to 〈·, ·〉  this fores L and L to be isotropi  and the
spaes of setions Γ(L) and Γ(L) are losed under the Courant braket, or equivalently,
J is integrable:
JJx, JyK− Jx, yK− J
(
JJx, yK + Jx, JyK
)
= 0, ∀x, y ∈ Γ(E).
We refer the reader to [2℄ for more details and to [6℄ for the ase of generalized omplex
strutures on the standard Courant algebroid TM ⊕ T ∗M .
The group of automorphisms of the Courant algebroid ats on its set of generalized
omplex strutures by:
φ∗J = φ
−1 ◦ J ◦ φ,
where φ ∈ Aut(E). Two generalized omplex strutures J0 and J1 are said to be
isomorphi if there exists a Courant algebroid automorphism φ suh that φ∗J1 = J0.
Given a smooth family t 7→ Jt of generalized omplex strutures on E, we dene a
2-form ωt ∈ Γ(∧
2E∗) by
ωt(x, y) = 〈x, Jty〉, ∀x, y ∈ Γ(E).
It is lear that ωt is skew-symmetri. By Lt we denote the +i eigenbundle of Jt : EC →
EC. Thus Lt is a Dira struture on EC. Indeed (Lt, Lt) is a (omplex) Lie bialgebroid
[12℄.
The restrition of the time-derivative of ωt ∈ Γ(∧
2E∗) to the subbundle Lt denes a
2-form ω˙t ∈ Γ(∧
2L∗t ):
ω˙t(v, w) = 〈v, J˙tw〉, ∀v, w ∈ Γ(Lt).
7Remark 4.1. Dierentiating JtJt = − id, we obtain J˙tJt + JtJ˙t = 0. Therefore, the
map J˙t swaps the eigenbundles Lt and Lt.
Reall that there exists a anonial dierential omplex
· · ·
dLt−−→ Γ(∧•−1L∗t )
dLt−−→ Γ(∧•L∗t )
dLt−−→ Γ(∧•+1L∗t )
dLt−−→ · · ·
assoiated to the Lie algebroid Lt [3℄. The oboundary operator is given by
(
dLtα
)
(x0, x1, · · · , xn) =
n∑
i=0
(−1)i
(
ρxi
)
α(x0, · · · , x̂i, · · · , xn)
+
∑
i<j
(−1)i+jα(Jxi, xjK, x0, · · · , x̂i, · · · , x̂j , · · · , xn),
where α ∈ Γ(∧nL∗t ) and x0, . . . , xn ∈ Γ(Lt). The ohomology of this omplex is the Lie
algebroid ohomology of Lt.
Proposition 4.2. dLtω˙t = 0, ∀t
Proof. Step 1 Sine Jt is integrable ∀t, we have
JJtv, JtwK− Jv, wK− Jt
(
JJtv, wK + Jv, JtwK
)
= 0.
Dierentiating w.r.t. t, we get
JJ˙tv, JtwK + JJtv, J˙twK− J˙t
(
JJtv, wK + Jv, JtwK
)
− Jt
(
JJ˙tv, wK + Jv, J˙twK
)
= 0.
Now, taking v, w ∈ Γ(Lt), the above relation beomes
i JJ˙tv, wK + i Jv, J˙twK− 2i J˙tJv, wK− Jt
(
JJ˙tv, wK + Jv, J˙twK
)
= 0
and, multiplying by (−i), we obtain
1+iJt
2
(
JJ˙tv, wK + Jv, J˙twK
)
= J˙tJv, wK.
Hene, sine Lt is isotropi,
〈z, JJ˙tv, wK + Jv, J˙twK− J˙tJv, wK〉 = 0, ∀v, w, z ∈ Γ(Lt). (3)
Step 2 By denition,(
dLtω˙t
)
(v, w, z) =ρ(v)ω˙t(w, z)− ρ(w)ω˙t(v, z) + ρ(z)ω˙t(v, w)
− ω˙t(Jv, wK, z) + ω˙t(Jv, zK, w)− ω˙t(Jw, zK, v)
=ρ(v)〈w, J˙tz〉 − ρ(w)〈v, J˙tz〉 + ρ(z)〈v, J˙tw〉
− 〈Jv, wK, J˙tz〉 + 〈Jv, zK, J˙tw〉 − 〈Jw, zK, J˙tv〉.
Now unfold the seond and third terms aording to (1):(
dLtω˙t
)
(v, w, z) =ρ(v)〈w, J˙tz〉 − 〈Jw, vK +D〈w, v〉, J˙tz〉 − 〈v, Jw, J˙tzK +D〈w, J˙tz〉〉
+ 〈Jz, vK +D〈z, v〉, J˙tw〉+ 〈v, Jz, J˙twK〉+ 〈v, Jz, J˙twK +D〈z, J˙tw〉〉
− 〈Jv, wK, J˙tz〉 + 〈Jv, zK, J˙tw〉 − 〈Jw, zK, J˙tv〉;
8simplify keeping in mind that Lt is isotropi:(
dLtω˙t
)
(v, w, z) =ρ(v)〈w, J˙tz〉 − 〈v, Jw, J˙tzK〉 − 〈v,D〈w, J˙tz〉〉
+ 〈v, Jz, J˙twK〉+ 〈v,D〈z, J˙tw〉〉 − 〈Jw, zK, J˙tv〉;
and use the denition of D to get(
dLtω˙t
)
(v, w, z) =〈v, JJ˙tz, wK〉+ 〈v, Jz, J˙twK〉+ 〈J˙tv, Jz, wK〉
+ ρ(v)〈w, J˙tz〉 −
1
2
ρ(v)〈w, J˙tz〉 +
1
2
ρ(v)〈J˙tw, z〉
=〈v, JJ˙tz, wK〉+ 〈v, Jz, J˙twK〉〈J˙tv, Jz, wK〉
+ 1
2
ρ(v)
(
〈J˙tw, z〉+ 〈w, J˙tz〉
)
.
But, dierentiating 〈Jtx, Jty〉 = 〈x, y〉 w.r.t. t, we get
〈J˙tx, Jty〉+ 〈Jtx, J˙ty〉 = 0.
Hene, if x, y ∈ Γ(Lt), one has
〈J˙tx, y〉+ 〈x, J˙ty〉 = 0.
Therefore, (
dLtω˙t
)
(v, w, z) = 〈v, JJ˙tz, wK + Jz, J˙twK− J˙tJz, wK〉
and the result follows from (3). 
Lemma 4.3. Let t 7→ Jt (t ∈ [0, 1]) be a smooth family of generalized omplex strutures
on a Courant algebroid E. There exists a smooth path t 7→ βt in Γ(L
∗
t ) suh that
ω˙t = dLtβt, ∀t (4)
if, and only if,
J˙t + LxtJt = 0, ∀t
where xt =
1
2i
(zt − zt) ∈ Γ(E) is the imaginary part of the unique setion zt ∈ Γ(Lt)
suh that βt = 〈zt, ·〉.
Proof. For v, w ∈ Γ(Lt), one has ω˙t(v, w) = 〈v, J˙tw〉 and(
dLtβt
)
(v, w) = ρ(v)βt(w)− ρ(w)βt(v)− βt(Jv, wK)
= ρ(v)〈zt, w〉 − ρ(w)〈zt, v〉 − 〈zt, Jv, wK〉
= 2〈D〈zt, w〉, v〉 − (〈Lwzt, v〉+ 〈zt,Lwv〉)− 〈zt, Jv, wK〉
= 2〈D〈zt, w〉, v〉 − 〈Jw, ztK +D〈w, zt〉, v〉 − 〈zt, Jw, vK〉 − 〈zt, Jv, wK〉
= 〈v, Jzt, wK +D〈zt, w〉〉 = 〈v,Lztw〉.
Hene
ω˙t = dLtβt
⇔ 〈v, J˙tw −Lztw〉 = 0, ∀v ∈ Γ(Lt)
⇔ J˙tw −Lztw ∈ Γ(Lt)
⇔
(
J˙tw
)
Lt
=
(
Lztw
)
Lt
,
9for all w ∈ Γ(Lt). But J˙tw ∈ Γ(Lt) as w ∈ Γ(Lt). Therefore,
J˙tw =
(
Lztw
)
Lt
, ∀w ∈ Γ(Lt). (5)
Sine Γ(Lt) is J·, ·K-losed and Lt is 〈·, ·〉-isotropi,
Lztw = Jzt, wK +D〈zt, w〉 = Jzt, wK ∈ Γ(Lt)
and (
Lztw
)
Lt
= 0, (6)
for all w ∈ Γ(Lt). Substrating (6) from (5), we get
J˙tw =
(
L(zt−zt)w
)
Lt
= −2i
(
Lxtw
)
Lt
= −2i 1+iJt
2
(
Lxtw
)
= −Lxt(i w) + Jt
(
Lxtw
)
= −Lxt
(
Jtw
)
+ Jt
(
Lxtw
)
= −
(
LxtJt
)
(w),
for all w ∈ Γ(Lt). Thus,
J˙tv +
(
LxtJt
)
(v) = 0, ∀v ∈ Γ(Lt).
Sine xt is a real setion of E and the endomorphisms Jt and J˙t are real, we also have
J˙tv +
(
LxtJt
)
(v) = 0, ∀v ∈ Γ(Lt).
Therefore, J˙t + LxtJt = 0, for all t. 
Theorem 4.4. Assume that M is a ompat manifold, and E is a Courant algebroid
over M . Assume that J0 and J1 are two generalized omplex strutures on E, whih
are onneted by a smooth family of generalized omplex strutures t 7→ Jt (t ∈ [0, 1])
on E. Assume there exists a smooth path t 7→ βt in Γ(L
∗
t ) suh that ω˙t = dLtβt, ∀t.
Then J0 and J1 are isomorphi.
Proof. The idea of the proof is to onstrut a smooth one-parameter family of au-
tomorphisms t 7→ φt in Aut(E) suh that φt ◦ J0 = Jt ◦ φt, ∀t. Sine L
∗
t ≃ Lt,
there exists a unique time-dependent setion zt ∈ Γ(Lt) suh that βt = 〈zt, ·〉. Set
xt =
1
2i
(zt − zt) ∈ Γ(E). It follows from Lemma 4.3 that
J˙t + LxtJt = 0, ∀t.
Therefore
d
dτ
φ−1τ ◦ Jτ ◦ φτ
∣∣
τ=t
= φ−1t ◦
(
J˙t + LxtJt
)
◦ φt = 0,
where φt ∈ Aut(E) is the ow of δxt ∈ aut(E) (as in Setion 3), whih always exists
sine M is ompat. 
Remark 4.5. WhenM is not ompat, the above theorem is still valid if xt is omplete,
i.e. if its ow exists for arbitrary time.
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5. Examples
Example 1. A sympleti form on a Lie algebroid A → M is a smooth setion Ω
of ∧2A∗ → M , whih is dA-losed and non-degenerate  a = 0 if Ω(a, b) = 0 for
all b ∈ Γ(A) [14℄. Here dA : Γ(∧
kA∗) → Γ(∧k+1A∗) is the Lie algebroid ohomology
dierential.
Let Ω0, Ω1 be a pair of sympleti forms on A, whih an be onneted by a smooth
family t 7→ Ωt of sympleti 2-forms. Having endowed A
∗
with the trivial Lie algebroid
struture, the pair (A,A∗) beomes a Lie bialgebroid. On its "double", the Courant
algebroid E = A⊕ A∗, we get the one-parameter family of generalized omplex stru-
tures
Jt =
(
0 −π♯t
Ω♭t 0
)
.
Here π
♯
t : A
∗ → A denotes the inverse of the bundle map Ω♭t : A→ A
∗
assoiated to the
sympleti form Ωt.
It is well known that
λt : AC → Lt : X 7→ X − iΩ
♭
tX
is a Lie algebroid isomorphism. Therefore, the diagram
Γ(∧kL∗t )
dLt

λ∗t
// Γ(∧kA∗)
dA

Γ(∧k+1L∗t ) λ∗t
// Γ(∧k+1A∗)
is ommutative.
Observe that λ∗t ω˙t = −Ω˙t. Indeed,
λ∗t ω˙t(X, Y ) = 〈λtX, J˙tλtY 〉 =
〈(
X
−iΩ♭tX
)
,
(
0 −π˙♯t
Ω˙♭t 0
)(
Y
−iΩ♭tY
)〉
= −Ω˙t(X, Y ).
Here we have used the identity Ω˙♭t = −Ω
♭
t ◦ π˙
♯
t ◦ Ω
♭
t, whih is easily obtained from
π
♯
t ◦ Ω
♭
t = id. Hene
dAΩ˙t = −dAλ
∗
t ω˙t = −λ
∗
tdLtω˙t = 0.
Now assume there exists a family of smooth setions ξt ∈ Γ(A
∗) suh that Ω˙t = −dAξt.
It is easy to hek that ξt = λ
∗
tβt, where βt = 〈iλtπ
♯
tξt, ·〉. Hene
λ∗t ω˙t = −Ω˙t = dAξt = dAλ
∗
tβt = λ
∗
tdLtβt,
i.e. ω˙t = dLtβt.
By Theorem 4.4, we have φt∗Jt = J0, where φt is the Courant algebroid automor-
phism generated by δ
π♯tξt
. Sine π
♯
tξt ∈ Γ(A), φt is atually indued by a Lie algebroid
automorphism of A, whih will also be denoted by φt by abuse of notations.
We have proved the following Lie algebroid version of Moser's Lemma [13℄.
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Corollary 5.1. Assume that M is a ompat manifold, and A is a Lie algebroid overM .
Assume that Ω0 and Ω1 ∈ Γ(∧
2A∗) are two sympleti strutures on the Lie algebroid A
whih an be onneted by a smooth family of sympleti strutures t 7→ Ωt (t ∈ [0, 1])
on A. Assume there exists a smooth path t 7→ ξt in Γ(A
∗) suh that Ω˙t = −dAξt, ∀t.
Then Ω0 and Ω1 are isomorphi. That is, there is a Lie algebroid automorphism φ,
isotopi to the identity, suh that φ∗Ω1 = Ω0.
Example 2. Let A→M be a Lie algebroid endowed with an integrable almost omplex
struture, i.e. a bundle map
A
j
//

A

M
id
// M
whose Nijenhuis tensor vanishes and suh that j2 = − id. Its omplexiation AC =
A⊗C deomposes as the diret sum A1,0⊕A0,1 of the eigenbundles of j with eigenvalues
+i and −i respetively. Both A1,0 and A0,1 are Lie subalgebroids of AC. The vetor
bundle A1,0 is naturally an A0,1-module: the representation of A0,1 on A1,0 is the map
Γ(A0,1)× Γ(A1,0)→ Γ(A1,0) : (X, Y ) 7→ X ⊲ Y := pr1,0[X, Y ],
where pr1,0 stands for the anonial projetion AC = A
0,1 ⊕ A1,0 → A1,0.
Now onsider the dual vetor bundle A∗ → M as a trivial Lie algebroid  the an-
hor and the braket are both zero. The pair (A,A∗) is a Lie bialgebroid and the
endomorphism
J =
(
−j 0
0 j∗
)
is a generalized omplex struture on its double E := A⊕A∗. The +i-eigenbundle L of
J is naturally isomorphi, as a Lie algebroid, to the semi-diret produt Lie algebroid
A0,1 ⋉ (A1,0)∗, where (A1,0)∗ is the A0,1-module dual to A1,0.
The following lemma an be easily veried.
Lemma 5.2. Let A be a Lie algebroid, M be an A-module and A⋉M∗ be the resulting
semi-diret produt Lie algebroid. Then the diagram
Ck−1(A,M)
α
//
D

Ck(A⋉M∗,C)
D

Ck(A,M) α
// Ck+1(A⋉M∗,C)
ommutes for all k ≥ 0. Here Ck(A,M) := Γ(∧kA∗ ⊗M), the D's are the oboundary
operators for the Lie algebroid ohomologies of A (with values in the module M) and
A⋉M∗, while α is the skew-symmetrization map
(∧kA∗)⊗M → (∧kA∗) ∧M →֒ ∧k+1(A⋉M∗)∗.
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Let t 7→ jt, t ∈ [0, 1] be a smooth family of integrable almost omplex strutues on A.
And let
Jt =
(
−jt 0
0 j∗t
)
be the assoiated family of generalized omplex strutures on the Courant algebroid
E = A⊕ A∗.
Taking A = A0,1t and M = A
1,0
t in Lemma 5.2, we get that
C0(A0,1t , A
1,0
t )
α
//
∂¯t

C1(Lt,C)
dLt

C1(A0,1t , A
1,0
t ) α
// C2(Lt,C)
is ommutative for all t ∈ [0, 1]. Here ∂¯ denotes the dierential operator of the Lie
algebroid ohomology of A
0,1
t with values in the module A
1,0
t .
The time-derivative j˙t may be seen as an element of Γ((A
0,1
t )
∗ ⊗ A1,0t ) = C
1(A0,1t , A
1,0
t )
beause j˙t swaps A
0,1
t and A
1,0
t . Moreover, ω˙t = −α(j˙t). Indeed, for all X, Y ∈ Γ(A
0,1
t )
and all ξ, η ∈ Γ((A1,0t )
∗), one has
ω˙t(X + ξ, Y + η) = 〈X + ξ, J˙t(Y + η)〉 = 〈X + ξ, j˙tY − j˙
∗
t η〉
= 1
2
(
ξ(j˙tY )− η(j˙tX)
)
= −α(j˙t)(X + ξ, Y + η).
Assume there exists a family t ∈ [0, 1] 7→ zt ∈ Γ(A
0,1
t ) suh that
∂¯t(
1
2
zt) = −j˙t.
(Remark that
1
2
zt ∈ Γ(A
1,0
t ) = C
0(A0,1t , A
1,0
t ).) Then
ω˙t = −α(j˙t) = α ◦ ∂¯t(
1
2
zt) = dLt ◦ α(
1
2
zt) = dLt(〈zt, ·〉),
sine 〈zt, X + ξ〉 =
1
2
ξ(zt) =
1
2
α(zt)
(
ξ
)
for all X + ξ ∈ Lt = A
0,1
t ⋉ (A
1,0
t )
∗
.
Set xt =
1
2i
(zt − zt) ∈ Γ(A). Aording to Theorem 4.4, we have φt∗Jt = J0, where φt
is the ow of automorphisms of the Courant algebroid E = A ⊕ A∗ generated by δxt .
Here, sine the setion xt of E atually lies in the Lie algebroid A, φt is indued by a
family of Lie algebroid isomorphisms.
We have proved
Corollary 5.3. Let A be a Lie algebroid over a ompat manifold M . Let j0 and j1
be two integrable almost omplex strutures on A, whih are onneted by a smooth
family jt of integrable almost omplex strutures. Assume there exists a smooth family
zt ∈ Γ(A
0,1
t ) suh that ∂¯tzt = −2j˙t. Then j0 and j1 are isomorphi, i.e. there exists a
Lie algebroid automorphism φ suh that j1 = φ∗j0(:= φ
−1 ◦ j0 ◦ φ).
When A is the tangent Lie algebroid TM , this is a lassial result [8℄.
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6. Hamiltonian operators
Let J be a generalized omplex struture on a Courant algebroidE. Then E = L⊕L and
L∗ ≃ L, where L is the +i-eigenbundle of J . And (L, L∗) is a omplex Lie bialgebroid.
Modulo the isomorphism E → E∗ : e 7→ 〈e, ·〉, whih identies L with L∗ (resp. L with
L
∗
), any setion H ∈ Γ(∧2L∗) (resp. H ∈ Γ(∧2L
∗
)) an be seen as a map H ′ : L → L
(resp. H
′
: L→ L). The graph LH = {(v,H
′v)}v∈L ⊂ L ⊕ L of H
′ : L→ L is a Dira
struture of E if, and only if, the Maurer-Cartan equation
dLH +
1
2
[H,H ]L∗ = 0
holds [11℄. In this ase, H is alled a Hamiltonian operator. Here dL : Γ(∧
•L∗) →
Γ(∧•+1L∗) is the Lie algebroid dierential of L and [·, ·]L∗ : Γ(∧
kL∗) ⊗ Γ(∧lL∗) →
Γ(∧k+l−1L∗) is the Shouten braket of the Lie algebroid L∗.
When H is a Hamiltonian operator, LH is a Lie algebroid. The vetor bundle isomor-
phism
L→ LH : v 7→ (v,H
′v)
indues the ohain omplex isomorphism
. . .
dLH
// Γ(∧•L∗H)
dLH
//
≃

Γ(∧•+1L∗H)
dLH
//
≃

. . .
. . . dH // Γ(∧•L∗)
dH
// Γ(∧•+1L∗)
dH
// . . .
(7)
where dH = dL + [H, ·]L∗ and dLH is the Lie algebroid oboundary operator of LH .
Lemma 6.1. Assume H ∈ Γ(∧2L∗) is a Hamiltonian operator. Then LH is the +i-
eigenbundle of a generalized omplex struture on E if, and only if, the bundle map
H
′
◦H ′ − 1 : L→ L is invertible.
Proof. First, note that (LH) = (L)H . Hene (v,H
′v) ∈ LH ∩ LH i ∃w ∈ L suh that
(v,H ′v) = (H
′
w,w), whih holds if, and only if, (H
′
◦H ′−1)v = 0. It thus follows that
LH ∩ LH = {0} i H
′
◦H ′ − 1 is invertible. 
Example 6.2. Consider the generalized omplex struture J =
(
−j 0
0 j∗
)
on the standard
Courant algebroid E = TM ⊕ T ∗M orresponding to a omplex struture j : TM →
TM . Then we have L = T 0,1 ⋉ (T 1,0)∗ and L¯ = T 1,0 ⋉ (T 0,1)∗, where the Lie algebroid
struture on L is the semi-diret produt, similarly for L¯. Let π ∈ Γ(∧2T 1,0). It is
simple to see that π′ ◦ π′ = 0. Hene π′ ◦ π′ − 1 = −1 is invertible. On the other hand,
π satises the Maurer-Cartan equation if and only if ∂¯π = 0 and [π, π] = 0. That is,
π is a holomorphi Poisson. Thus we reover the well known fat that a holomorphi
Poisson is a generalized omplex struture [6, 5℄ on the standard Courant algebroid
TM ⊕ T ∗M .
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Now, let t ∈ [0, 1] 7→ Ht ∈ Γ(∧
2L∗) be a family of Hamiltonian operators suh that
Ht
′
◦ H ′t − 1 is invertible for all t ∈ [0, 1]. By Lemma 6.1, we obtain a family of
generalized omplex strutures t 7→ Jt. In this ase, its orresponding ω˙t has a very
simple desription.
Lemma 6.3. Θ∗t ω˙t = −iH˙t ∈ Γ(∧
2L∗)
Here Θt is the vetor bundle map
L→ E = L⊕ L : v 7→ (v,H ′tv)
identifying L with LHt .
Proof. By denition, we have
Jt(v,H
′
tv) = i(v,H
′
tv).
Dierentiating w.r.t. t, we get
J˙t(v,H
′
tv) + Jt(0, H˙
′
tv) = i(0, H˙
′
tv).
It thus follows that
Θ∗t ω˙t(v, w) = 〈(v,H
′
tv), J˙t(w,H
′
tw)〉 = 〈(v,H
′
tv), (i− Jt)(w,H
′
tw)〉
= 〈(i+ Jt)(v,H
′
tv), (w,H
′
tw)〉 = 2i〈(v,H
′
tv), (w,H
′
tw)〉 = −iH˙t(v, w).

From (7) and Lemma 6.3, it follows that (4) is equivalent to
dHt
dt
= dLYt + [Ht, Yt]L∗ ,
where Yt = iΘ
∗
tβt ∈ Γ(L
∗). We have proved
Theorem 6.4. Let E be a Courant algebroid, over a ompat manifold M , whose
omplexied admits a deomposition EC = L⊕L as the diret sum of a pair of omplex
onjugate Lie algebroids. And let Ht ∈ Γ(∧
2L∗) be a smooth family of Hamiltonian
operators suh that Ht
′
◦ H ′t − 1 is invertible. Assume there exists a smooth family
Yt ∈ Γ(L
∗) solving the equation
dHt
dt
= dLYt + [Ht, Yt]L∗ . (8)
Then the generalized omplex strutures assoiated to H0 and H1 are isomorphi.
Example 6.5. Take L = T 0,1⋉ (T 1,0)∗ as in Setion 5. Let πt ∈ Γ(∧
2T 1,0) be a family
of holomorphi Poisson bivetor elds. It is simple to hek that Yt = X
1,0
t + ξ
0,1
t ∈ L =
T 1,0 ⋉ (T 0,1)∗ satises (8) i
∂¯X
1,0
t = 0, ∂¯ξ
0,1
t = 0 and π˙t = [πt, X
1,0
t ].
In partiular, one may take ξ
0,1
t = 0. Thus we obtain the following standard result: if
there exists a family of omplete holomorphi vetor elds X
1,0
t satisfying the equation
π˙t = [πt, X
1,0
t ],
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then the holomorphi Poisson strutures π0 and π1 are isomorphi. Note that, in this
ase, xt = 2ReX
1,0
t ∈ X(M) and xt is omplete i X
1,0
t is omplete.
7. Darboux-Weinstein theorem
As an appliation of Theorem 4.4, we present a Darboux-Weinstein style theorem for
generalized omplex strutures.
Let J be a generalized omplex struture on the standard Courant algebroid TM ⊕
T ∗M → M . Then Γ(TM ⊕ T ∗M) is a module over the ring C∞(M). Given a point
o ∈ M , hoose loal oordinates (x1, . . . , xn) identifying an open neighbourhood U of
o in M with a unit ball in Rn entered at the origin (and mapping o to 0). Then
{e1 = ∂x1 , . . . , en = ∂xn , en+1 = dx
1, . . . , e2n = dx
n} is a loal frame of TM ⊕T ∗M over
U , whih enjoys the following remarkable properties:
Jei, ejK = 0, ∀i, j ∈ {1, . . . , 2n} ; (9)
〈ei, ej〉 is onstant on U, ∀i, j ∈ {1, . . . , 2n} . (10)
Now onsider the matrix representation of J in this loal frame:
Jej|x =
∑
i
aij(x)ei|x, x ∈ U.
The aij 's are smooth funtions on U ⊂ R
n
. Set
Jtej |x =
∑
i
aij(tx)ei|x, (11)
for all t ∈ [0, 1] and x ∈ U . Clearly, J2t = − id, J1 = J and J0 is represented by the
onstant matrix aij(0). Moreover, (9) implies that J0 is integrable.
Lemma 7.1. All Jt's are generalized omplex strutures on the restrition of TM⊕T
∗M
to U .
Proof. Let
{
ek
}
k=1,...,2n
be the dual frame to {ei}i=1,...,2n. From a tedious omputation
using the relations (9), (10) and
JfA, gBK = fgJA,BK + f
(
ρ(A)g
)
B − g
(
ρ(B)f
)
A+ 〈A,B〉(gDf − fDg)
(where f, g ∈ C∞(M) and A,B ∈ Γ(TM ⊕ T ∗M)), it follows that(
ek, JJtei, JtejK
)
(x) = t
(
ek, JJei, JejK
)
(tx),(
ek, JJtei, ejK
)
(x) = t
(
ek, JJei, ejK
)
(tx),
and (
ek, JtJJtei, ejK
)
(x) = t
(
ek, JJJei, ejK
)
(tx).
Hene the integrability of J at the point tx implies the integrability of Jt at the point
x. Sine J is integrable on U , U is the unit ball around 0 in Rn and t ∈ [0, 1], the
onlusion follows. 
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As an immediate onsequene of Theorem 4.4, we have
Corollary 7.2. Assume there exists a smooth path t ∈ [0, 1] 7→ βt ∈ Γ(L
∗
t |U) suh that
ω˙t = dLtβt. Then the restrition of J to U is isomorphi to the onstant generalized
omplex struture J0.
Theorem 7.3. Let J be a generalized omplex struture (with +i-eigenbundle L) on
the standard Courant algebroid TM ⊕ T ∗M → M . Let (x1, . . . , xn) be loal oordinates
on M identifying an open domain U with the unit ball entered at the origin in Rn.
And dene Jt as in (11). If there exists β ∈ Γ(L
∗|U) suh that
dLβ = ω˙1, β|0 = 0 and dβ|0 = 0,
then J |U is isomorphi to a onstant generalized omplex struture.
Remark 7.4. Using the Darboux and Newlander-Nirenberg theorems, a result of
Gualtieri [6, Theorem 4.35℄ an be restated as follows: if m ∈ M is a regular point
of J (i.e. the orresponding Poisson tensor is regular at m), then, loally around m, J
must be isomorphi to a onstant generalized omplex struture. Therefore the ondi-
tion of Theorem 7.3 must fail in a neighbourhood of a regular point.
The proof is splitted into several lemmas.
Lemma 7.5. Let E1 and E2 be two Courant algebroids over the same base manifold
M , with anhor maps ρ1 and ρ2 respetively. Let
E1

φ
// E2

M ϕ
// M
be an isomorphism of vetor bundles suh that
ρ2 ◦ φ = ϕ∗ ◦ ρ1
and
Jφ−1 ◦ α ◦ ϕ, φ−1 ◦ β ◦ ϕK = φ−1 ◦ Jα, βK ◦ ϕ, ∀α, β ∈ Γ(E2).
Then φ establishes a 1-1 orrespondene between the subbundles of E1 and E2 whih
are Lie algebroids.
Lemma 7.6. The vetor bundle map
TM ⊕ T ∗M |U

φt
// TM ⊕ T ∗M |U

U ϕt
// U,
where
ϕt(x1, . . . , xn) = (tx1, . . . , txn)
and
φt(ei|x) = tei|tx,
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satises the assumptions of Lemma 7.5. Moreover, we have
J ◦ φt = φt ◦ Jt.
Corollary 7.7. The "multipliation by t" map
Lt

φt
// L

U ϕt
// U
is a Lie algebroid isomorphism.
Therefore we have
φ∗t ◦ dL = dLt ◦ φ
∗
t .
Lemma 7.8.
t3ω˙t = φ
∗
t ω˙1
Proof. Dierentiating (11) w.r.t. t, we get
J˙tej |x =
∑
k,l
xl
∂akj
∂xl
∣∣∣∣∣
tx
ek|x.
Therefore
ω˙t(ei|x, ej|x) = 〈ei|x, J˙tej |x〉 = bijx
l
∂akj
∂xl
∣∣∣∣∣
tx
.
Substituting 1 to t and tx to x in the last relation, one gets
ω˙1(ei|tx, ej |tx) = bijtx
l
∂akj
∂xl
∣∣∣∣∣
tx
.
Now, multiplying by t2, we obtain
ω˙1(tei|tx, tej |tx) = bijt
3xl
∂akj
∂xl
∣∣∣∣∣
tx
or, equivalently,
ω˙1(φtei|x, φtej|x) = t
3ω˙t(ei|x, ej|x).

Proof of Theorem 7.3. Aording to Lemma 7.8,
t3ω˙t = φ
∗
t ω˙1 = φ
∗
tdLβ = dLtφ
∗
tβ.
Now set βt = t
−3φ∗tβ. We have βt(ei|x) = t
−3β(φtei|x) = t
−2β(ei|tx), whih shows that
βt is well-dened for t = 0 sine β|0 = 0 and dβ|0 = 0. The onlusion follows from
Theorem 4.4 sine ω˙t = dLtβt. 
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Remark 7.9. When J is the generalized omplex struture orresponding to a sym-
pleti struture, it is straightforward to hek that the Poinaré lemma for de Rham
ohomology ensures that the onditions of Theorem 7.3 hold at any point m ∈M . As a
onsequene, we reover the Darboux-Weinstein theorem. However the one-parameter
family of generalized omplex strutures (or family of sympleti strutures) onsidered
here is dierent from the one used in [18℄.
On the other hand, when J is the generalized omplex struture orresponding to an
integrable omplex struture j : TM → TM , Kohn gave a proof of the Newlander-
Nirenberg theorem using exatly the same jt as ours [9℄. Kohn's essential idea and
major ahievement was to prove the Poinaré lemma for Dolbeault ohomology using
the desription of this ohomology in terms of the integrable almost omplex struture
rather than holomorphi harts. As a onsequene, he was able to deform the loal hart
used to dene the family of loal almost omplex strutures t 7→ jt joining the given j
to the onstant j0 into a loal hart in whih j is onstant. It would be interesting to
ompare our ondition with the one in [9℄ in that ase.
Remark 7.10. Note that the degree 2 Lie algebroid ohomology of L may not always
be loally trivial for generi generalized omplex strutures even though the Poinaré
Lemma holds for both the sympleti and omplex ases. For instane, when J or-
resonds to a holomorphi Poisson struture π, the Lie algebroid ohomology of L is
simply the Poisson ohomology of π [10℄, whih may not always be loally trivial.
On the other hand, the ondition of Theorem 7.3 is stronger than just requiring
H2(L|U ,C) to vanish loally on a neighbourhood U . For instane, when J is the gen-
eralized omplex struture orresponding to the holomorphi Lie Poisson struture of
a omplex simple Lie algebra, H2(L|U ,C) vanishes on a nbd U of 0. However J annot
be loally trival on neighbourhoods of 0.
Referenes
[1℄ Ralph Abraham and Jerrold E. Marsden, Foundations of mehanis, Benjamin/Cummings Pub-
lishing Co. In. Advaned Book Program, Reading, Mass., 1978, Seond edition, revised and
enlarged, With the assistane of Tudor Raµiu and Rihard Cushman.
[2℄ James Barton and Mathieu Stienon, Generalized Complex Submanifolds,
arXiv:math.DG/0603480.
[3℄ Ana Cannas da Silva and Alan Weinstein, Geometri models for nonommutative algebras, Berke-
ley Mathematis Leture Notes, vol. 10, Amerian Mathematial Soiety, Providene, RI, 1999.
[4℄ Theodore James Courant, Dira manifolds, Trans. Amer. Math. So. 319 (1990), no. 2, 631661.
[5℄ Marius Craini, Generalized omplex strutures and Lie brakets, arXiv:math.DG/0412097.
[6℄ Maro Gualtieri, Generalized omplex geometry, arXiv:math.DG/0401221.
[7℄ Nigel Hithin, Generalized Calabi-Yau manifolds, Q. J. Math. 54 (2003), no. 3, 281308.
[8℄ Kunihiko Kodaira, Complex manifolds and deformation of omplex strutures, english ed., Classis
in Mathematis, Springer-Verlag, Berlin, 2005, Translated from the 1981 Japanese original by
Kazuo Akao.
[9℄ J. J. Kohn, Harmoni integrals on strongly pseudo-onvex manifolds. I, Ann. of Math. (2) 78
(1963), 112148.
[10℄ Camille Laurent-Gengoux, Mathieu Stienon, and Ping Xu, Holomorphi Poisson Manifolds.
19
[11℄ Zhang-Ju Liu, Alan Weinstein, and Ping Xu, Manin triples for Lie bialgebroids, J. Dierential
Geom. 45 (1997), no. 3, 547574.
[12℄ Kirill C. H. Makenzie and Ping Xu, Lie bialgebroids and Poisson groupoids, Duke Math. J. 73
(1994), no. 2, 415452.
[13℄ Jürgen Moser, On the volume elements on a manifold, Trans. Amer. Math. So. 120 (1965),
286294.
[14℄ Ryszard Nest and Boris Tsygan, Deformations of sympleti Lie algebroids, deformations of holo-
morphi sympleti strutures, and index theorems, Asian J. Math. 5 (2001), no. 4, 599635.
[15℄ A. Newlander and L. Nirenberg, Complex analyti oordinates in almost omplex manifolds, Ann.
of Math. (2) 65 (1957), 391404.
[16℄ Dmitry Roytenberg, Courant algebroids, derived brakets and even sympleti supermanifolds,
arXiv:math.DG/9910078.
[17℄ Pavol evera, Unpublished Letter to Alan Weinstein.
[18℄ Alan Weinstein, Sympleti manifolds and their Lagrangian submanifolds, Advanes in Math. 6
(1971), 329346 (1971).
E.T.H. Zürih, Departement Mathematik, 8092 Zürih, Switzerland
E-mail address : stienonmath.ethz.h
